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Near Optimum Sampling for Single Tone Frequency
Estimation
Stefan Trittler and Fred A. Hamprecht

Abstract—Work on single tone frequency estimation has focused on uniformly sampled data. However, it has been shown
that, for a given number of samples, more information on the
frequency of a signal can be gained by non-uniform sampling
schemes. Unfortunately, an optimum sampling pattern (that, for
example, minimizes the Cramér-Rao bound) does not automatically have a fast and simple algorithm for frequency estimation
associated with it. For application in an interferometric measurement system, an algorithm is needed that gathers as much
information as possible from a low number of samples, while
at the same time keeping the computational effort sufficiently
low to process millions of time series in a few seconds. One
simple approximation to the optimum pattern can be obtained
by 1) uniformly sampling blocks of data, 2) estimating phase and
frequency in each of these and 3) exploiting these intermediate
results in the final estimation. An approach to do so is investigated
in detail. Results are compared to the Cramér-Rao bound (CRB),
and it is shown that the algorithm almost reaches this limit on the
variance of unbiased estimators, at a computational complexity
lower than that of a typical FFT-based approach. For M=32
samples and a signal-to-noise ratio of 10, the standard deviation
of the frequency estimate is lower by more than 50% compared
to uniform sampling. In addition, the algorithm can easily be
applied to poorly characterized systems, e.g. systems for which
the noise is not known exactly.
Index Terms—Sampling, Frequency Estimation, Optimization,
Experimental Design

I. I NTRODUCTION

F

AST and accurate frequency estimation for a noisy sinusoid is required in many applications today, ranging
from acoustic [1] and radar [2] signal processing to optical
metrology [3].
There are many techniques for the analysis of periodic
signals, both stationary and time-varying. Methods include
the (windowed) FFT [4]–[7], autocorrelation based signal
subspace techniques (Pisarenko’s method, MUSIC, ESPRIT
[8]–[10]), non-linear optimization techniques (iterative, in both
time [11] and frequency domain [12]) and filter based techniques [13]. A large number of papers and many textbooks
cover these methods, including [14]–[16]. In most cases,
uniform sampling is used as this is the easiest way to acquire
data, for example if an electrical signal is recorded with
an analog-to-digital-converter. Such systems have a constant
sampling rate and acquire the signal for a given time period.
Continuous broadband signals must be band-limited by the
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Nyquist frequency to allow for exact reconstruction from the
samples and avoid aliasing [17]. In case of single tone frequency estimation, this aliasing is not necessarily a problem: It
causes ambiguity, but the frequency estimates are still accurate,
and the actual frequency can be determined if prior knowledge
to resolve the ambuguity is available. The accuracy of such
a system largely depends on the sampling time, i.e. on the
number of samples.
In some cases, however, the situation is different:
• For some applications (e.g. antialiasing in computer
graphics [18]), better (in the case of computer graphics
visually more pleasing) results can be obtained with
random sampling instead of uniform sampling. This is
not discussed here.
• The sampling operation itself and the signal processing
may be expensive, and therefore a low number of samples
(but not necessarily uniform or close to each other) might
be desirable. For instance, in frequency scanning interferometry, and more generally in all applications where
the sinusoidal signal is explicitly sampled by choosing
specific sampling points, there is a cost associated with
the number of samples rather than with their spacing.
In the latter cases, sampling can be accelerated and costs
reduced by carefully choosing the optimum sampling points.
An optimum sampling scheme for a limited sampling range
and sampling time with an arbitrary distribution of the sampling time across the samples has been introduced in [19].
While the proposed sampling design is optimal given the above
constraints, it does not, by itself, suggest an algorithm to
efficiently estimate the frequency from the resulting data.
This article proposes and analyzes a sampling strategy that
yields results very close to the theoretical optimum while at the
same time allowing for a fast, robust and intuitive algorithm.
In section II, the signal model is specified and the optimization
criteria are motivated and described. The algorithm is derived
in section III. Section IV offers bounds on the accuracy of
the algorithm, and a comparison with alternative sampling
strategies. The results are verified with simulations. Section
V briefly discusses several possible extensions to the algorithm and section VI summarizes the implementation of the
algorithm and its key properties.
II. S IGNAL M ODEL AND O PTIMIZATION C RITERIA
We would like to accurately estimate, from as few samples
as possible, the frequency of a noisy single tone
I(t) =A · cos(ω · tn + ϕ) + C + n ,
tmin < tn < tmax , n = 1, ..., N

(1)
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Fig. 1. Optimum sampling pattern for frequency estimation for N = 128
equidistant samples, probability of outliers Pe = 1%. The weights indicate
the effort that should be devoted to the acquisition of a measurement at each
sampling point. The total sampling effort is equivalent to acquiring 32 samples
with SNR 10.

with unknown amplitude A, offset C, frequency ω and n
independently and identically distributed Gaussian noise with
zero mean and variance σ 2 . The sampling points tn should
be chosen such that the most accurate estimate for ω can
be obtained, and they need not be spaced equidistantly in
time. “Most accurate” is defined as maximizing the Fisher
information (which is a measure of local curvature) while
enforcing a minimum distance to secondary minima: The
frequency estimation might become ambiguous in the presence
of noise if the difference between the true signal and a signal
of a different frequency becomes too small. This is illustrated
by Fig. 3 [19]. The signal at the sampling points can be almost
identical for different frequencies (especially since the offset
and amplitude are also unknown, for appropriate settings the );
for samples mainly at the borders of the sampling range, the
positions of the alternative frequencies are well-known and
can be taken into account in optimization.
It has been shown in [20] that the sampling points near
the boundary of the permissible sampling range are most
important, and it has been shown in [19] that — taking
ambiguity issues into account — using several sampling points
mainly at the borders yields optimum results. In that case,
the optimum sampling pattern for an application depends on
the assumed signal-to-noise ratio, as this ratio determines the
ambiguity threshold that is required to keep the probability
of outliers (cases where a secondary minimum as shown in
Fig. 3 is higher than the primary, correct solution) below a
given level.
The optimum sample distribution according to [19] for 128
equispaced sampling points is indicated in Fig. 1. In practice,
the “relative weights” translate to “sampling effort”, where it
is assumed that the variance of a measured value is cut in half
if the effort at that point is doubled. In the case of frequency
scanning interferometry, sampling effort is measured by the
acquisition time at a given point.
Fig. 1 demonstrates that the optimum weight distribution
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focuses on the sampling points at the borders of the considered
range, and only few samples with very low weights can be
found in-between.
Arbitrary weights are hard to implement in practice, though:
For instance, while there may be a theoretical benefit in varying the time dedicated to sampling at different frequencies in
frequency scanning interferometry experiments, with a camera
it is much easier to use the same camera exposure time for all
samples, as close as possible to the limit dictated by the full
well capacity of the sensor [21].
An obvious approximation to the pattern in Fig. 1 is given
by simply using two blocks of equally weighted samples at
the borders of the range. The impact of the distance and the
size of these blocks is analyzed in detail in the next section,
and the results are compared to both uniform sampling and
the optimum sampling pattern.
III. D ERIVATION OF A FAST A LGORITHM
For the reasons given above, an algorithm for evaluating
experimental data that has been sampled in multiple blocks
is derived and its properties are analyzed. For a sampling
pattern that consists of multiple blocks of equally spaced
and uniformly weighted samples, there is a straightforward
procedure: First, the frequency and phase of the signal are
determined for each block individually, and then the results
are used to initialize a final estimate based on all observations.
Fortunately, there is a very simple and highly accurate way
of combining information from multiple blocks, as detailed
below. The key to the following algorithm is the simple
observation that, visually speaking, frequency is the slope of
the phase. Consider the signal from eq. 1 sampled in two
blocks centered at t1 and t2 . For each block, ω and ϕ can be
estimated separately. Then, the following relationship holds as
illustrated by Fig. 2:
ϕ1 + (t2 − t1 ) · ω = ϕ2 + 2πk, k ∈ N

(2)

As k is unknown, there is no unique solution for ω.
As a first guess for the frequency, the mean value of the
frequency estimates from each of the blocks can be used
(strictly speaking, only a frequency estimate from one block
is required, but multiple blocks are needed for the phase
estimation anyway):
ω̂1 + . . . + ω̂N
(3)
ω̂init =
N
k is then chosen such that
∆ = ϕ̂1 − ω̂init t1 − (ϕ̂2 − ω̂init t2 ) − 2πk, k ∈ N

(4)

is minimized:
k̂opt = arg min(ϕ̂1 + ω̂init · (t2 − t1 ) − ϕ̂2 + 2πk)
k

(5)

Ambiguities are resolved correctly as long as the combined
error caused by frequency and phase estimation errors as well
as unknown sampling jitter does not exceed π.
Next, an improved frequency estimate can be computed. Its
accuracy depends on the accuracy of the phase estimation only.
ω̂new =

ϕ̂2 − ϕ̂1 + 2π k̂opt
t2 − t 1

(6)

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. X, NO. X, XXX 2007

3

Processing is very fast for this algorithm due to two factors:
1) The number of samples 2 · M is much lower than N
in case of uniform sampling, and all computationally
expensive steps can be done per block individually, requiring only a very low number of samples and therefore
little memory in every step.
2) The computational complexity is not higher than that
of any other frequency estimation algorithm applicable to a low number of samples, i.e. O(N log N ) in
case of a typical FFT based implementation. For two
blocks with M < N/2 samples, the computational
effort (2 · M log M ) is lower than for processing of
the uniformly sampled data (N log N ). Combining the
results from multiple blocks needs a fixed low effort
only.

Fig. 2. Relationship between phase and frequency: Phase estimates from
multiple blocks of data can be combined to obtain a more accurate frequency
estimate. The phase values of the blocks define a grid of possible phase slopes
(=frequencies), the correct one is chosen based on the frequency estimates
from the individual blocks.

k=2

In case of more than two blocks, the approach above can be
applied iteratively, starting out with the two blocks with the
smallest distance, and then consecutively choosing pairs of
blocks with increasing distance, but using ω̂new obtained from
the previous two blocks instead of ω̂init . This procedure can
be repeated until the two blocks with maximum distance are
used, and therefore this leads to the same accuracy as if only
the blocks with the largest distance were used, but with a lower
probability of outliers (incorrect k).
If a certain number of outliers must not be exceeded, there
are three ways to reach this goal, with different drawbacks:
•
•

k=3

k=4

Fig. 3. Possible frequencies based on the phase estimates and the frequency
estimate from the individual blocks. The signal at the sampling positions is
very similar for all three cases depicted here, which can lead to a wrong k
being chosen.

The results of the phase estimation define a “ladder” of
frequencies that are more or less compatible with the observations; the initial rough frequency estimate is used to find k
and thus identify the “right step on this ladder”. Provided that
k, the number of wavelengths between the sampling blocks,
is correctly found, the accuracy of the final result depends
only on the accuracy of the phase estimates, the accuracy
of the block distance estimate (which might be influenced
by sampling jitter) and the absolute distance of the blocks
(a larger distance increases accuracy). The accuracy of the
initial frequency estimate and the distance between the blocks
determine the probability of outliers Pe , i.e. situations in which
the estimate k is wrong (a smaller block distance reduces this
probability).

•

Increasing the number of sampling points per block
increases measurement and processing time.
Increasing the number of blocks also increases measurement and processing time.
Reducing the distance between the blocks reduces accuracy.

IV. C OMPARISON OF THE ALGORITHM TO THE
THEORETICAL BOUND FOR UNIFORM AND FOR OPTIMUM
SAMPLING
The performance of the proposed algorithm is compared to
the theoretical lower bound (CRB) of the variance for both
the theoretically optimum sampling pattern and the uniform
sampling pattern. Data acquisition time, processing time and
accuracy as well as robustness to outliers are discussed. For
that purpose, an approximation for the probability of outliers
Pe and for the accuracy of the algorithm given in section III
is derived.
For the frequency estimation accuracy of the individual
blocks an (approximate) lower bound is derived in [5]. This
bound applies to complex signals only, in the real-valued case
the bound depends on the true frequency and phase of the
signal. In addition, the bound in [5] does not take an unknown
signal offset into account. Asymptotically though, the variance
of the real valued case with unknown offset approaches twice
the variance of the complex valued case (which is intuitively
clear as only half the number of independent measurements are
assumed to be available). This is briefly shown in the appendix.
The relative standard deviation is then given by the square
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CRB for frequency estimation (M=16, SNR=10)
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Fig. 5.
Theoretical lower limit on the relative standard deviation of a
frequency (top) and a phase (bottom) estimate for a single noisy tone (eq. 1)
using 16 equispaced samples and a SNR of 10, based on numerical evaluation
of the CRB. The plot underlines the fact that estimation becomes unreliable
for frequencies close to zero or the Nyquist frequency, where the color scale
has been truncated.

Fig. 4. Block diagram of the proposed algorithm for frequency estimation.
Once the optimum sampling pattern for the application has been chosen,
the raw data is acquired. Optionally the actual sampling positions might be
determined for use in the algorithm. Then a frequency and phase estimate
for each block of data is obtained, and a new frequency estimate is computed
using the algorithm described in this paper. Optionally, a high precision phase
estimate can be performed on the basis of the new frequency estimate, and can
then be used for a new frequency estimate. Finally, the resulting frequency and
phase estimates are returned. There are multiple extensions possible, including
amplitude estimation, iterative approaches and using prior knowledge, but
these are outside the scope of this paper.

root of this approximate variance divided by π,
√
1
2 6 σ
· · q
sω̂ ≥
π
A M M 1− 1 

(7)

M2

Fig. 5 (top) shows the lower bound on the standard deviation
as a function of true frequency and phase when taking the

unknown offset and the real-valuedness of the signal model
into account.
For the phase estimation from a block of samples with
known frequency or for the phase in the center of a block
of samples with unknown frequency, using the same approximations as above, one obtains [5] a relative standard deviation
of
√
2 σ
1
sϕ̂ ≥
· ·√
(8)
2π A
M
Again, eq. 8 does not take the unknown offset and the real
signal model into account. The CRB can be computed exactly
for the phase estimation, with an approach similar to the one
for the frequency estimation, see Fig. 5 (bottom).
Returning to the algorithm described in section III, the
probability of outliers (incorrect k̂opt in eq. 5) depends on
the frequency and phase estimation accuracy as well as on the
inter-block distance. In the following, we assume there are two
blocks with M uniform samples each, and a total range (from
one edge of one block to the other edge of the other block) of
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Fig. 6. Probability of outliers Pe as a function of sampling range N and
block size M , logarithmic scale.

N (uniform) samples. Then we can compute an approximate
variance for ∆ defined in eq. 4, assuming independence of the
frequency and phase estimates:

2
2
var(∆) = σ 2 ≈ 2 · 2πsφ̂ + ((N − M ) · πsω̂ )
(9)
Equation 9 is only an approximation, though; the real estimation accuracy depends on the true signal frequency and phase
and on the algorithms used for frequency and phase estimation.
In the optimum case (if the true phase and frequency lead
to a minimum in the variance of the phase and frequency
estimates), the variance is roughly half the one given above;
in the worst case (i.e. when the signal frequency is close to the
Nyquist frequency) it can be infinite. In addition, the phase and
frequency estimates are not independent of each other, hence
the above approach that assumes uncorrelated data is not exact.
For frequencies far from zero or the Nyquist frequency (cf.
Fig. 5, the exact range depends on the SNR and the number of
samples per block) the estimate above is good enough to show
some general relations. If one assumes that the distribution of
the parameter estimates is approximately Gaussian (which is
a good approximation in case of low noise; for high noise
the algorithm is not applicable as then a combined analysis
of all sampled blocks instead of an analysis of the individual
blocks is much better), one can easily compute the probability
of outliers Pe : For ∆, a Gaussian distribution with zero mean
and variance according to eq. 9 can be assumed. If the absolute
value of ∆ is larger than π, the phase coupling procedure fails.
Thus the probability of outliers is approximated by


π
Pe = P (|∆| > π) = erfc √
(10)
2σ
This does not take into account outliers that are caused directly
by the M -point frequency estimation, but if the SNR is high
enough for the coupling of blocks to work, the probability of
outliers occurring in the M -point frequency estimation step is
negligible.
The standard deviation as given above is directly proportional to the noise level. For a given number of samples per
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block and a given SNR, one can compute the maximum (and
therefore optimum) block distance N for a previously specified
probability of outliers Pe as demonstrated in Fig. 6.
This strategy is easy to implement even if in a practical
application analytical treatment becomes difficult: One can
simply implement the algorithm and look at a histogram of
the phase differences ∆ across all pixels in the image. It is
then obvious when the algorithm fails (i.e. if the distribution
becomes too broad) and very simple to adjust the parameters
block size M and block distance N − M empirically such
that the desired performance and error probability for a given
problem is reached. This strategy can therefore be applied even
when the noise is correlated, multiplicative or a simple closed
form solution does not exist for other reasons.
The accuracy of the result (disregarding outliers) is given
by the accuracy of the phase estimate and block distance only.
√
2πsφ
2 σ
1
√
= · ·
(11)
sωnew = 2 ·
π(N − M )
π A (N − M ) · M
A lower bound for the error based on the CRB can be
computed as shown in Fig. 7.
For the values used in Fig. 7, the root mean squared value of
the theoretical limit based on the CRB for the relative accuracy
of the frequency estimation in the center frequency range from
0.125 to 0.875 is 1.39 · 10−4 . A numerical estimation on
simulated data (using a linear least squares estimator for the
phase) yields a standard deviation of approximately 1.40·10−4 ,
which shows that this accuracy can be reached in practice.
Both of these values are very close to the approximation
in equation 11, which yields 1.42 · 10−4 . Going back to
the theoretically optimum sampling pattern as described in
[19], the following results are obtained: For Pe = 2.5 · 10−4
(approximately the same theoretical probability of outliers
as in the case of two blocks with 16 samples each and a
total range of 128 samples, according to Fig. 6), a theoretical
relative accuracy of 1.35 · 10−4 is reached. This comparison
might be unfair as we have not shown that there is an algorithm
that can actually reach such a low probability of outliers, but
the probability of outliers of very simple implementations can
easily be shown to be far below 1%. With Pe = 1%, as
assumed for Fig. 1, the theoretical accuracy improves only
slightly to about 1.34 · 10−4 . In contrast, using the same
number of samples (2M = 32) distributed uniformly across
the measurement range N , the relative standard deviation is
2.15 · 10−4 (in this case excluding the values at the border
frequencies relative to the new Nyquist frequency, otherwise
the results would be even worse). This shows that the accuracy
of the procedure described here is very close to the theoretical
limit (to about 3% in this case): Even if arbitrary sampling
weights are allowed, there cannot be a significantly better
frequency estimation as long as the constraints on sampling
range and sampling effort are kept.
A more systematic comparison of various possible sampling
strategies yields the results shown in Fig. 8. The following four
cases are compared:
1) Uniform sampling with a fixed number of samples 2M
over a fixed range of samples M :
ti = i, 1 ≤ i ≤ 2M
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Fig. 8. Comparison of different sampling strategies: Three different ways
for uniform sampling (fixed number of samples and distance; fixed number of
samples and increasing distance; increasing number of samples) and sampling
in two blocks with increasing distance are compared. The sampling strategy
depicted with a black line uses 32, . . . , 128 samples, whereas all other
strategies require 32 samples only. For a range of N = 128 and 2M = 32
samples, the two-block strategy proposed here has a standard deviation which
is about 34% lower than that of uniform sampling with the same number of
samples and measurement range, at a slightly reduced computational cost and
with a larger unambiguous range.
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Fig. 7. Lower bound on the standard deviation of the frequency estimate
from two blocks with 16 samples each from a range of 128 samples (top); for
comparison the same bound is shown for the same total number of samples
(32), but now uniformly spaced over the same range of 128 samples (bottom).
The areas of zero and Nyquist frequency are clearly visible; and even in
between the accuracy is more than 30% lower. The scales for both graphs are
different, the scale is truncated in the white areas.

2) Uniform sampling with a number of samples N , same
sampling distance as above, N increasing. This would
require significantly longer measurements:
ti = i, 1 ≤ i ≤ N ≥ 2M
3) Uniform sampling with 2M samples, but increasing
distance of the samples such that the total range is
identical to the case with N samples.1 In practice this
would cause ambiguity issues as the Nyquist frequency
decreases.
i
ti =
· N, 1 ≤ i ≤ M
M
4) Sampling in two blocks with M samples each, the block
distance increasing with N such that the total range is
1 In addition, we investigated the case of N uniform samples, with lower
measurement effort for each, such that the sum of relative weights amounts
to 2M < N . However the results are so similar to case 3) that they have
been omitted in the graph of Fig. 8.

N.
(
ti =

i, for 1 ≤ i ≤ M
N − M + i, for M + 1 ≤ i ≤ 2M

This is the main strategy proposed in this paper.
As the results are proportional to the noise level for sufficiently small noise, an SNR of 10:1 was chosen with little loss
of generality. The results show that the proposed algorithm has
a very good theoretical accuracy if there is a sufficiently large
block distance (as long as the upper limit on the inter-block
distance dictated by the acceptable probability of outliers is
not exceeded) Performance is necessarily worse than using
N >> 2M samples. A more detailed comparison between
strategy 2) and 4) is offered in Fig. 9.
Sampling with 2 × 16 samples instead of 1 × 64 samples
decreases measurement time by 50% and processing time (if
an FFT based algorithm is used in both cases) by 75%, at the
cost of a reduction in accuracy of less than 10%. Even at a
quarter of the sampling time, the relative standard deviation
increases by only about 32% instead of the 100% expected
from the noise.
V. E XTENSIONS
A. Known sampling jitter
Phase estimation still works very well even if the samples
are not equally spaced. If the jitter is large, it calls for more
sophisticated algorithms for frequency estimation. If the jitter
is not too large, it can simply be ignored in the frequency
estimation step: For moderate block distances a sub-optimal
frequency estimation does not lead to many outliers, and
therefore the final result is still close to the theoretical limit.
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Relative error: 2 × M vs. N continuous samples (M = 16)

measurement results for surfaces that are not continuous as
long as the surface properties and therefore the signal phase
φ0 remains the same.
For this approach, first the frequency ω is determined as
accurately as possible with the algorithm described above.
Next a single phase value is considered. This phase value can
be obtained from only one block or from the whole set of
samples. Once again the signal is given by eq. 1. Then in this
special case we use our prior knowledge on the phase φ0 and
obtain
2πk = ϕ0 − (ω · t + ϕ), k ∈ N.
(12)
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Fig. 9. Relative error of dual block method (2M = 32 samples in total,
but increasing block distance N − 2M ) compared to single block method
(increasing range and number of samples N and therefore increasing total
sampling time).

B. Multiple blocks of data
The algorithm can easily be extended to more than two
blocks of data. As described in section III, this can be done
by using two blocks of data at a time, starting with the blocks
with the smallest distance, and then looking at increasing block
distances. In this case the probability of outliers decreases,
and the accuracy is determined by the largest available distance. Alternatively, a (weighted) least squares estimate could
be obtained from all phase values simultaneously (which is
especially relevant if for some reason the outer blocks do not
offer good signal quality), but this is only applicable if the
maximum distance of the blocks is small enough to avoid
outliers.
C. Tracking frequencies
The proposed algorithm can be modified for tracking
quickly changing frequencies: In that case one can use the
frequency and phase estimate from short blocks, and adjust the
block distance used for the final frequency estimate depending
on the input data. This can be done for example using a
Kalman filter or a simple heuristic approach that increases
the distance when the correction based on the phase estimate
is small, and decreases it when the correction is larger. This is
useful if the tracking is based on blockwise information, e.g.
blocks of pilot symbols embedded in a signal [22].
D. Using prior knowledge on the signal phase
If prior knowledge on the signal phase is available for
some t, a method for a more accurate frequency estimation
can be derived. This can be applied in optical metrology, for
example. For a smooth and continuous surface, the result of
using this approach in a multiple wavelength interferometry
system is identical to that obtained with spatial unwrapping,
at a much lower computational cost. In addition to that, the
phase estimation can also be used to obtain highly accurate

k̂opt = arg min(ϕ̂0 − (ω̂ · t + ϕ̂) + 2πk)
k

(13)

Then an improved frequency estimate can be computed (again,
the accuracy depends only on the phase estimate):
ϕ̂ − ϕ̂0 + 2π k̂opt
(14)
t
This is very similar to the derivation above, but t is usually
much larger than t2 − t1 , and therefore the “ladder” of
frequencies is very fine and the results are more accurate; but
the probability of outliers increases.
If there are outliers, it is usually difficult to change the
distance of the blocks (in case of optical metrology this
distance is given by the laser frequency). This issue can
only be resolved with a sufficiently accurate initial frequency
estimate, which can be obtained by the algorithm described
earlier, or by using prior knowledge on spatial relationships
(e.g. smoothness constraints) to correct incorrect choices of k.
ŵnew =

VI. S UMMARY AND C ONCLUSION
An efficient sampling scheme and algorithm for single tone
frequency estimation has been presented. An implementation
of the proposed algorithm consists of the following steps:
• Choice of sampling points (e.g. using two blocks of
samples with maximum feasible distance for a desired
probability of outliers)
• Frequency estimation for one or more blocks [23]
• Phase estimation for each block [23]
• Determination of the actual sampling points (optional, if
available one can take sampling jitter into account)
• Improved frequency estimate by phase coupling
• Absolute phase estimation using prior knowledge (optional, if knowledge is available)
For a practical implementation, the block size and block
distance have to be adjusted to reach the desired accuracy
and probability of outliers of the frequency estimation.
The proposed algorithm has three key advantages:
• First of all, it is very fast. Processing time depends
mainly on the algorithms used for phase and frequency
estimation for the individual blocks, the rest of the
algorithm takes much less than a second on a current
PC. If fast approaches are used for phase and frequency
estimation, a total processing time of less than 10s for
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•

•

1 million frequency estimates using M = 32 frames can
be achieved in Matlab on an Intel Core 2 Duo E6600
processor. Processing with dedicated hardware or more
optimized software is expected to be significantly faster.
Computational complexity is usually lower than that of
uniform sampling, given the same number of sampling
points. In particular, the algorithm is faster than taking
the FFT on a single block of M uniformly sampled data
points.
The algorithm is also highly accurate: The performance
of this algorithm by far exceeds that of uniform sampling
with the same number of samples and gets very close to
the theoretical optimum sampling scheme and theoretically best frequency estimation. On the one hand, the
sampling pattern is close to the theoretically optimum
sampling pattern, and on the other hand, the algorithm
almost reaches the CRB (to less than 1% for an SNR
better than 1) for this sampling pattern. Altogether, the
result is within 3% of the theoretical limit on the accuracy
for the theoretically optimum sampling pattern, i.e. any
possible improvements are known to be very limited.
The algorithm is highly flexible: It can easily be extended
to take known sampling jitter or multiple sampling blocks
into account, without extra computational effort. In addition, one can easily apply the method even if the noise
is correlated or unknown by optimizing a histogram of
phase differences as computed from eq. 4. The proposed
method can therefore be generalized to a wide variety of
applications.
A PPENDIX
CRB FOR REAL - VALUED SIGNAL

The Cram’er-Rao bound for unbiased estimators is given by
Varθ ≥

1
h
=
Iθ
Eθ

1
∂
∂θ

2 i
log pθ (Y )

(15)

For a general signal model y(t, θ) with a vector parameter θ
and multivariate Gaussian noise n with covariance matrix Σ
x = y(t, θ) + n

(16)

this leads to the following equation for elements of the Fisher
information matrix Iθ [24]:
T



∂y
∂y
−1
(17)
Ij,k (y; t, θ) =
Σ
∂θj
∂θj
Applying this result to the real-valued sinusoidal signal
model given by eq. 1 yields the 4×4 Fisher information matrix
I. The diagonal elements of the inverse of this matrix represent
the lower bound on the variance for unbiased estimators of
the frequency, phase, amplitude and offset. The corresponding
element for the frequency is visualized in Fig. 5.
The exact results for the real-valued case require more
space than is available here and are not very instructive. For
practical applications a simplified result is often sufficient. For
frequency estimation with known phase, amplitude and offset,
only a single element of the Fisher information matrix has to
be inverted. If additionally the signal is sampled uniformly
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and the noise is independent and identically distributed, one
obtains:
I11 =

N −1
A2 X 2 2
tn sin (ωtn − φ)
σ 2 n=0

A2
=
2σ 2

N
−1
X

2

tn −

n=0

N
−1
X

!

(18)

2

tn cos(2ωtn − 2φ)

n=0

This looks very different from the results given by [5], but
one can easily show that the results are closely related: The
second sum is much smaller than the first one for almost all
combinations of sampling points and frequencies, and the more
samples the bigger the difference gets. In the worst case, the
second sum is equal to the first one and therefore the Fisher
information becomes zero; in the best case the absolute value
is identical, but the sign reversed, leading to twice the value.
In this case the accuracy for the complex signal model is
reached, even though only the real part of the signal was
available (see below). On average across all possible signal
phases, the second sum is zero; the first sum is the average
Fisher information in this sense. A closed form expression can
be given for this part, using tn = (n+n0 )T, with n0 = − N 2−1
[24].
A2 T 2 N (N 2 − 1)
2σ 2
12
This can be used as a rough estimate for the CRB:
I11 =

Var(ω) ≥ I −1 ≈

σ2
24
A2 T 2 N (N 2 − 1)

(19)

(20)

The visualization of the exact result in Fig. 7 is centered on
this rough estimate, and the result shows that it is a reasonable
approximation. For a complex valued sinusoid with no offset
the derivation leads to an exact closed form solution [5]. The
approximation above is equal to twice the value obtained for
the complex valued case, which is not surprising as only half
the number of independent noisy measurements is used.
R EFERENCES
[1] M. Christensen and S. Jensen, “On perceptual distortion minimization
and nonlinear least-squares frequency estimation,” IEEE Trans. Audio
Speech Language Process., vol. 14, no. 1, pp. 99–109, Jan. 2006.
[2] C. Teague, “Root-MUSIC direction finding applied to multifrequency
coastal radar,” in IEEE Int. Geoscience Remote Sensing Symp., vol. 3,
June 2002, pp. 1896–1898.
[3] R. Vanlanduit, J. Vanherzeele, P. Guillaume, B. Cauberghe, and P. Verboven, “Fourier fringe processing by use of an interpolated Fouriertransform technique,” Appl. Opt., vol. 43, pp. 5206–5213, 2004.
[4] V. K. Jain, W. L. Collins, and D. C. Davis, “High-accuracy analog
measurements via interpolated FFT,” IEEE Trans. Instrum. Meas.,
vol. 28, pp. 113–122, 1979.
[5] D. Rife and R. Boorstyn, “Single tone parameter estimation from
discrete-time observations,” IEEE Trans. Inf. Theory, vol. 20, no. 5, pp.
591–598, Sep 1974.
[6] D. Rife and G. Vincent, “Use of the Discrete Fourier Transform in the
measurement of frequencies and levels of tones,” Bell Syst. Tech. J,
vol. 49, no. 2, pp. 197–228, 1970.
[7] B. G. Quinn, “Estimating frequency by interpolating using Fourier
coefficients,” IEEE Trans. Signal Process., vol. 42, p. 1264, 1994.
[8] V. F. Pisarenko, “The retrieval of harmonics from a covariance function,”
Geophys. J. Roy. Astr. Soc., vol. 33, pp. 347–366, 1973.
[9] P. Stoica and T. Soderstrom, “Statistical analysis of MUSIC and ESPRIT
estimates of sinusoidal frequencies,” in Proc. Int. Conf. Acoustics,
Speech and Signal Processing, Apr. 1991, pp. 3273–3276.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. X, NO. X, XXX 2007

[10] A. Lemma, A.-J. van der Veen, and E. Deprettere, “Analysis of joint
angle-frequency estimation using ESPRIT,” IEEE Trans. Signal Process.,
vol. 51, no. 5, pp. 1264–1283, May 2003.
[11] T. Brown and M. Mao Wang, “An iterative algorithm for singlefrequency estimation,” IEEE Trans. Signal Process., vol. 50, no. 11,
pp. 2671–2682, Nov. 2002.
[12] E. Aboutanios and B. Mulgrew, “Iterative frequency estimation by
interpolation on Fourier coefficients,” IEEE Trans. Signal Process.,
vol. 53, no. 4, pp. 1237–1242, Apr 2005.
[13] S. Savaresi, S. Bittanti, and H. So, “Closed-form unbiased frequency
estimation of a noisy sinusoid using notch filters,” IEEE Trans. Autom.
Control, vol. 48, no. 7, pp. 1285–1292, July 2003.
[14] B. G. Quinn and E. J. Hannan, The Estimation and Tracking of
Frequency. Cambridge, UK: Cambridge University Press, 2001.
[15] T. K. Moon and W. C. Stirling, Mathematical Methods and Algorithms
for Signal Processing. Upper Saddle River, New Jersey, USA: Prentice
Hall, 2000.
[16] H. V. Poor, An Introduction to Signal Detection and Estimation. New
York, USA: Springer, 1994.
[17] A. Oppenheim and R. Schafer, Discrete-time signal processing. Upper
Saddle River, NJ, USA: Prentice-Hall, 1989.
[18] R. L. Cook, “Stochastic sampling in computer graphics,” ACM Trans.
Graphics, vol. 5, no. 1, pp. 51–72, 1986.
[19] M. Wieler, S. Trittler, and F. Hamprecht, “Optimal design for single tone
frequency estimation,” unpublished, 2006.
[20] T. Oliphant, “Optimal sampling for single tone frequency estimation,”
unpublished, 2006.
[21] H. Rhodes, G. Agranov, C. Hong, U. Boettiger, R. Mauritzson, J. Ladd,
I. Karasev, J. McKee, E. Jenkins, W. Quinlin et al., “CMOS imager
technology shrinks and image performance,” in Proc. IEEE Workshop
Microelectronics and Electron Devices, 2004, pp. 7–18.
[22] N. Noels, H. Steendam, M. Moeneclaey, and H. Bruneel, “Carrier phase
and frequency estimation for pilot-symbol assisted transmission: bounds
and algorithms,” IEEE Trans. Signal Process., vol. 53, no. 12, pp. 4578–
4587, Dec. 2005.
[23] S. Trittler and F. Hamprecht, “Near optimum sampling for single tone
frequency estimation,” unpublished, 2007.
[24] S. Trittler, “Processing of interferometric signals,” Ph.D. dissertation,
University of Heidelberg, 2007.

Stefan Trittler Biography text here.

PLACE
PHOTO
HERE

Fred. A. Hamprecht Biography text here.

PLACE
PHOTO
HERE

9

